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In this paper we shall consider an exponential inflationary model in the context of vacuum F (R)
gravity. By using well-known reconstruction techniques, we shall investigate which F (R) gravity
can realize the exponential inflation scenario at leading order in terms of the scalar curvature, and
we shall calculate the slow-roll indices and the corresponding observational indices, in the context
of slow-roll inflation. We also provide some general formulas of the slow-roll and the corresponding
observational indices in terms of the e-foldings number. In addition, for the calculation of the
slow-roll and of the observational indices, we shall consider quite general formulas for which the
assumption that all the slow-roll indices are much smaller than unity, is not necessary to hold true.
Finally, we investigate the phenomenological viability of the model by comparing it with the latest
Planck and BICEP2/Keck-Array observational data. As we demonstrate, the model is compatible
with the current observational data for a wide range of the free parameters of the model.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
In modern theoretical cosmology there are two widely popular scenarios that describe in a consistent way the pri-
mordial evolution, the inflationary scenario [1–3] and bouncing cosmology [4–14]. Both scenarios are quite appealing,
solving most of the shortcomings of the standard Big Bang cosmology, however there are still many theoretical chal-
lenges to address. In all cases, the theoretical models have to be eventually confronted with the current observational
data coming from the Planck collaboration [15] and the BICEP2/Keck-Array [16]. Many models of modified gravity
[4, 17–19] that describe inflation or bouncing cosmology, in various theoretical contexts, remain valid, since the con-
frontation with the observational data validates their consistency. For example, in the context of F (R) gravity and
modified gravity in general, it is possible to provide a viable cosmological evolution for various inflationary scenarios
[20–36], and also for bouncing cosmology [37, 38]. With regard to the inflationary scenario, the standard approach
is to use a slow-rolling scalar field, and an epitome of a large class of viable scalar-tensor cosmological models is
offered by the α-attractor models [39–41], see also [42, 43], for an F (R) gravity description of the α-attractors. As
was demonstrated in Refs. [42, 43], F (R) gravity offers a fertile ground for the development of viable inflationary
theories, even in the vacuum case. In this line of research, in this paper we shall consider an exponential model of
inflation, in which the Hubble rate and the corresponding scale factor have the following form,
H(t) = H0e
−λt, a(t) = C1e
−H0e
λ(−t)
λ , (1)
where H0 and C1 are real and positive constants. The model (1) is not so popular in the context of scalar-tensor
inflationary theories, however it is very similar to the phantom Little Rip inflationary scenario [44, 45], in which case
the Hubble rate is H = H0e
λt. We need to note that similar models of inflation were studied in Ref. [46]. Our first
intention was to investigate if the phantom Little Rip inflationary scenario can be realized by F (R) gravity, and if the
resulting inflationary cosmology is viable. It turns out that only when λ is negative, the F (R) gravity inflationary
solution is viable. It is conceivable that the effective equation of state parameter weff = −1− 2H˙3H2 is not phantom for
the evolution (1), and actually it is weff = −1 + 2λe
λt
3H0
− 1. In the following sections we shall investigate which F (R)
gravity can realize the cosmological evolution (1) at leading order in the large curvature limit, which corresponds
to the inflationary era. By using the resulting F (R) gravity, we shall perform a detailed analysis of the inflationary
dynamics, by assuming a slow-roll era evolution. Finally, we shall confront the resulting inflationary model with
the current observational data and we shall analyze the parameter space in order to see the range of values of the
parameters for which the viability can be achieved. As we demonstrate, the viability of the model comes for a wide
range of parameters.
2This paper is organized as follows: In section II we shall briefly present some essential features of vacuum F (R)
gravity, which are necessary for the following sections. In section III we present the inflationary dynamics formalism
and we express the slow-roll indices as functions of the e-foldings number N . We present in detail the formulas of the
slow-roll indices and of the corresponding observational indices in terms of N , and we consider the most general case
for the approximate functional form of the observational indices. In section III, we employ a well-known reconstruction
technique, in order to find the F (R) which realizes the exponential inflationary cosmology. In section IV we analyze
in depth the parameter space and we investigate for which values of the free parameters, the exponential inflationary
model in the context of F (R) gravity, can be viable. Finally, the conclusions follow in the end of this paper.
Before we proceed to the presentation of our results, we briefly present the geometric conventions we shall use in
this paper. We shall consider a flat Friedmann-Robertson-Walker (FRW) spacetime, with the line element being,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (2)
and a(t) denotes the Universe’s scale factor. Moreover, we shall assume that the metric connection is a metric
compatible affine connection, which is torsion-less and symmetric, the Levi-Civita connection.
II. BASIC FEATURES OF F (R) GRAVITY
In this section we shall briefly present some basic features of vacuum F (R) gravity, and for more details on this
topic, the reader is referred to Refs. [4, 17, 18]. The 4-dimensional F (R) gravity gravitational action is equal to,
S = 1
2κ2
∫
d4x
√−gF (R), (3)
with κ2 being κ2 = 8πG = 1M2p
, g being the determinant of the background metric, and also Mp stands for the Planck
mass. We shall employ the metric formalism, and upon variation of the action (3) with respect to the metric tensor
gµν , the gravitational equations of motion become,
F(R)Rµν(g)−
1
2
F (R)gµν −∇µ∇νFR(R) + gµνFR(R) = 0 , (4)
which can be rewritten in the following way,
Rµν − 1
2
Rgµν =
κ2
FR(R)
(
Tµν +
1
κ2
(F (R)−RFR(R)
2
gµν +∇µ∇νFR(R)− gµνFR(R)
))
, (5)
where FR stands for FR =
∂F
∂R . By using the FRW metric of Eq. (2), the gravitational equations of motion take the
following form,
0 =− F (R)
2
+ 3
(
H2 + H˙
)
FR(R)− 18
(
4H2H˙ +HH¨
)
FRR(R) , (6)
0 =
F (R)
2
−
(
H˙ + 3H2
)
FR(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
FRR(R) + 36
(
4HH˙ + H¨
)2
FRRR(R) , (7)
where FRR and FRRR stand for FRR =
∂2F
∂R2 and FRRR =
∂3F
∂R3 respectively, and also H denotes the Hubble rate
H = a˙/a. In addition, the “dot” indicates differentiation with respect to the cosmic time, and in addition the Ricci
scalar R for the FRW metric (2) is equal to R = 12H2 + 6H˙.
III. INFLATIONARY DYNAMICS OF F (R) GRAVITY: FORMALISM
In this section we shall present the formalism of the F (R) gravity slow-roll inflationary dynamics. Details on the
inflationary dynamics for F (R) gravity can be found in Refs. [20, 23, 24], see also Refs. [34, 35] for some recent
literature on the subject. The slow-roll indices ǫi, i = 1, ..., 4 for a general vacuum slow-roll F (R) gravity are,
ǫ1 = − H˙
H2
, ǫ2 = 0 , ǫ3 =
F˙R
2HFR
, ǫ4 =
E˙
2HE
, (8)
3with the function E appearing in Eq. (20) being equal to,
E =
3F˙ 2R
2κ2
. (9)
Also, a very useful quantity related to the calculation of the scalar-to-tensor ratio, is Qs, which is defined as follows,
Qs =
E
FRH2(1 + ǫ3)2
. (10)
The calculation of the observational indices for the model at hand may vary, depending on the values that the slow-roll
indices take during the slow-roll era. In the general case, and if the slow-roll indices satisfy ǫ˙i ≃ 0 the spectral index
of the primordial curvature perturbation is [20, 23, 24],
ns = 4− 2νs , (11)
with the quantity νs being equal to,
νs =
√
1
4
+
(1 + ǫ1 − ǫ3 + ǫ4)(2 − ǫ3 + ǫ4)
(1 − ǫ1)2 . (12)
In the particular case that ǫi ≪ 1, the spectral index is approximately equal to,
ns ≃ 1− 4ǫ1 + 2ǫ3 − 2ǫ4 . (13)
The scalar to tensor ration r for a vacuum F (R) gravity is defined as follows [4],
r =
8κ2Qs
FR
, (14)
where we defined Qs in Eq. (10). After some algebra, in the case at hand, the scalar-to-tensor ratio reads,
r =
48ǫ23
(1 + ǫ3)2
. (15)
In the particular case that ǫi ≪ 1, the scalar-to-tensor is greatly simplified, since ǫ1 ≃ −ǫ3 and the above relation is
simplified as follows,
r = 48ǫ21 . (16)
In the rest of this section we shall investigate the behavior of the slow-roll indices during the slow-roll era, and in
principle one can use the most appropriate definition of the observational indices we described above. However,
regardless of the choice of the approximation one can use, with regard to the observational indices, namely Eqs. (11)
and (13) for the spectral index, or Eqs. (14) and (15) for the scalar-to-tensor ratio, the viability of the theory is
independent of the choice if the slow-roll indices satisfy the condition ǫi ≪ 1, i = 1, ..., 4. So in order to be as accurate
as possible, we shall choose the formally more rigid approach, in which the spectral index is given by Eq. (11) and
the scalar-to-tensor ratio is given by Eq. (15).
Before proceeding, let us further simplify the slow-roll indices appearing in Eq. (20), and after some algebra we
obtain,
ǫ1 = − H˙
H2
, ǫ2 = 0 , ǫ3 =
F˙RR
2HFR
(
24HH˙ + H¨
)
, ǫ4 =
FRRR
HFR
R˙+
R¨
HR˙
, (17)
with FRR =
∂2F
∂R2 and FRRR =
∂3F
∂R3 . For the purposes of our analysis, we shall express the above quantities in terms
of the e-foldings number N , so by using the following differentiation rules,
d
dt
= H
d
dN
. (18)
d2
dt2
= H2
d2
dN2
+H
dH
dN
d
dN
, (19)
4the slow-roll indices become,
ǫ1 = −H
′(N)
H(N)
, ǫ2 = 0 , (20)
ǫ3 =
FRRR
FR
(6H(N)H ′′(N) + 24H(N)2H ′(N) + 6H(N)H ′(N)2
2H(N)
)2
,
ǫ4 =
−H ′′(N) + 2H′(N)2H(N) − H
′(N)2
H(N)
H(N)ǫ1
− 3ǫ1 + FRRR
FR
(
6H(N)H ′′(N) + 6H ′(N)2 + 24H(N)H ′(N)
)
.
Thus if the Hubble rate H(N) is known, and also the F (R) gravity which generates the evolution H(N), then, the
slow-roll indices and the corresponding observational indices can be found.
In order to proceed, let us express the exponential Hubble rate of Eq. (1), as a function of the e-foldings number
N , so by solving the equation N = ln a with respect to the cosmic time and by substituting the result in Eq. (1), the
resulting expression for the Hubble rate is,
H(N) = λ ln
(
C1e
−N) , (21)
where C1 is the integration constant appearing in the scale factor (1). Substituting the resulting Hubble rate of Eq.
(21), in the slow-roll indices of Eq. (20), we obtain,
ǫ1 =
1
ln (C1e−N)
, ǫ2 = 0 , (22)
ǫ3 = 18
FRRR
FR
λ5
(
1− 4 ln (C1e−N))2 ln (C1e−N) ,
ǫ4 = −24FRRR
FR
λ2 ln
(
C1e
−N)− 2
ln (C1e−N )
+ 6
FRRR
FR
λ2 .
Accordingly, the spectral index of the primordial curvature perturbations ns appearing in Eq. (11) reads,
ns = 4− 3
√
K(N) , (23)
where the function K(N) stands for,
K(N) =
(
ln
(
C1e
−N) (4FRRRFR λ2 ln (C1e−N) (24λ3 ln (C1e−N) (2 ln (C1e−N)− 1)+ 3λ3 + 4)− 4FRRRFR λ2 − 1
)
+ 1
)2
(ln (C1e−N)− 1)2
(24)
Accordingly, the scalar-to-tensor ratio reads,
r =
15552
(
FRRR
FR
)2
λ10
(
1− 4 ln (C1e−N))4 ln2 (C1e−N)(
288FRRRFR λ
5 ln3 (C1e−N )− 144FRRRFR λ5 ln
2 (C1e−N) + 18
FRRR
FR
λ5 ln (C1e−N) + 1
)2 (25)
Thus what remains now to complete the study, is to find the F (R) gravity that generates the evolution (21). Then
by expressing the Ricci scalar as a function of the e-foldings number N , we can find the the term FRRRFR appearing
above, and the resulting expressions of the slow-roll indices and therefore also the observational indices can also be
found. This is the subject of the next section.
IV. RECONSTRUCTION OF THE F (R) GRAVITY REALIZING THE EXPONENTIAL
INFLATIONARY ERA
Let us now proceed to find the functional form of the F (R) gravity which realizes the evolution (21). To this end,
we shall employ the reconstruction technique which was developed in Ref. [47]. The cosmological equation (6), can
be cast in the following form,
− 18
(
4H(t)2H˙(t) +H(t)H¨(t)
)
FRR(R) + 3
(
H2(t) + H˙(t)
)
FR(R)− F (R)
2
= 0 , (26)
5By using the e-foldings number N , and also the differentiation rules of Eqs. (18) and (19), the Eq. (26) is written as
follows,
− 18 (4H3(N)H ′(N) +H2(N)(H ′)2 +H3(N)H ′′(N))FRR(R) (27)
+ 3
(
H2(N) +H(N)H ′(N)
)
FR(R)− F (R)
2
= 0 ,
where the primes this time stand for H ′ = dH/dN and H ′′ = d2H/dN2. We introduce the function G(N) = H2(N),
and by writing the differential equation (27) in terms of G(N), we obtain,
− 9G(N(R)) (4G′(N(R)) +G′′(N(R)))FRR(R) +
(
3G(N) +
3
2
G′(N(R))
)
FR(R)− F (R)
2
= 0 , (28)
with G′(N) = dG(N)/dN and G′′(N) = d2G(N)/dN2. We can also express the Ricci scalar R as a function of G(N)
and it reads,
R = 3G′(N) + 12G(N) . (29)
Hence, the F (R) gravity which realizes the Hubble rate H(N) can be found by solving the differential equation (28).
Accordingly, we can find the quantity FRRRFR in terms of R and by expressing R as a function of N by using Eq. (29),
we can find the exact form of the slow-roll indices (22), and the observational indices can easily be obtained. In the
case at hand, the function G(N) is,
G(N) =
(
λ ln
(
C1e
−N))2 , (30)
and in effect, the algebraic equation (29) is equal to,
12λ2 ln2
(
C1e
−N)− 6λ2 ln (C1e−N) = R . (31)
By solving the above with respect to the e-foldings number N , we obtain the following solution,
N(R) = ln
(
C1e
√
λ4+4λ
2R
3
4λ2
− 14
)
. (32)
In order to obtain the F (R) gravity in a closed form, we shall focus on the large curvature limit, which corresponds to
the slow-roll inflationary era, and thus, by using Eqs. (30) and (32), the differential equation appearing in Eq. (28),
in the large R limit becomes,
(
−
√
3λ3/2R2
)
FRR(R) +
R
4
FR(R)− F (R)
2
= 0 . (33)
The differential equation (33) can be solved analytically, and the solution is,
F (R) ≃ C3Rµ + C4Rσ , (34)
where C3 and C4 are integration constants, and also the parameters µ and σ are defined as follows,
µ = −−12
√
2
√
(4)3λ3/2 −
√
−432λ3/2 + 288√3λ3 + 6√3−√233/4
24
√
2
√
(4)3λ3/2
(35)
σ = −−12
√
2
√
(4)3λ3/2 +
√
−432λ3/2 + 288√3λ3 + 6√3−√233/4
24
√
2
√
(4)3λ3/2
.
The inflationary F (R) gravities of this type were also studied in Ref. [48]. Having the resulting form of the F (R)
gravity at hand, enables us to calculate the spectral index of the primordial curvature perturbations and the scalar-
to-tensor ratio, and we shall investigate the behavior of the observational indices in the next section.
6V. INFLATIONARY PHENOMENOLOGY AND CONFRONTATION WITH THE OBSERVATIONAL
DATA
Let us now turn our focus on the viability of the F (R) gravity model (34), which realizes the cosmological evolution
(1), in the large curvature limit. So by using the functional form of the F (R) gravity (34) and also by substituting
the Ricci scalar as a function of the e-foldings number N from Eq. (31), the observational indices (23) and (25) can
be obtained in closed form. The parameter space is rich, and it consists of λ, C4, C3 and C1, so the viability with
the Planck and BICEP2/Keck-Array data can be obtained easily for a wide range of parameters. Before proceeding
to the analysis of the parameter space, let us recall the observational constraints on the spectral index ns and the
scalar-to-tensor ratio r, coming from the Planck data [15], which are
ns = 0.9644± 0.0049 , r < 0.10 , (36)
while the BICEP2/Keck-Array data [16] further constrain the scalar-to-tensor ratio as follows,
r < 0.07 , (37)
at 95% confidence level. Also, from Eq. (36) it is obvious that the spectral index can be considered as compatible
with the Planck observations, when it takes values in the interval ns = [0.9595, 0.9693], so we shall take this into
account in our analysis. Let us use some characteristic examples in order to see the viability of the model, so for
N = 60, λ = 2, C3 = 29025.7963C4 and C1 = O(1), the observational indices become,
ns = 0.966 , r = 0.0260371 , (38)
and both are compatible with the Planck and BICEP2/Keck-Array data. There is a large range of the parameters
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FIG. 1: The behavior of the spectral index as a function of C1 for N = 60 (blue thick curve) and for N = 50 (dashed blue
curve), and with the rest of the parameters being λ = 2, C3 = 29025.7963C4 .
for which the viability of the model can be achieved, and in order to see this, in Fig. 1 we plotted the behavior of
the spectral index as a function of C1 for N = 60 (blue thick curve) and for N = 50 (dashed blue curve), and with
the rest of the parameters being λ = 2, C3 = 29025.7963C4. In the plots of Fig. 1, the upper red line corresponds
to the value ns = 0.9693 and the lower black curve corresponds to ns = 0.9595, which is the allowed range of ns.
As it can be seen in Fig. 1, the viability is achieved for a large range of values of the parameter C1. For the same
range and values of the parameters, in Fig. 2 we plot the behavior of the scalar-to-tensor ratio, as a function of the
parameter C1, with the green curve corresponding to N = 60 and the dashed purple corresponding to N = 50. The
upper red line corresponds the the BICEP2/Keck-Array upper limit r = 0.07. As it can be seen Fig. 2, the viability
can be achieved for a large range of the parameter C1, as in the case of the spectral index. The same applies if other
parameters are used, but we omit for brevity.
Before closing it is worth discussing the limiting values of the parameters µ and σ appearing in Eq. (35), as functions
of λ. Particularly, in order for these parameters to be real, the parameter λ must be chosen in the following ranges,
0 ≤ λ ≤ 1
2
√
3 6
(
17 + 12
√
2
) (≃ 0.08495), λ ≥
√
3
2
1
6
(
17 + 12
√
2
)
(≃ 0.899) . (39)
Then it is easy to see how the resulting F (R) gravity behaves for the limiting values of the parameter λ. For example
if λ is chosen to be very small, say λ ≃ O(10−6), then the parameter σ is approximately equal to σ ≃ 2, while µ takes
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FIG. 2: The behavior of the scalar-to-tensor ratio, as a function of the parameter C1, with the green curve corresponding to
N = 60 and the dashed purple corresponding to N = 50. The upper red line corresponds to the BICEP2/Keck-Array upper
limit r = 0.07.
large values, that is µ ≃ 1.44338× 108, so the resulting F (R) gravity is,
F (R) ≃ C3R1.44338×10
8
+ C4R
2 , (40)
so the subdominant term of the resulting F (R) gravity in this case resembles the Starobinsky model [62], however
this is just the subdominant term. For λ ≃ 1
2
√
3 6(17+12
√
2)
, the F (R) gravity becomes approximately,
F (R) ≃ C3R3.45445 + C4R3.37509 , (41)
so the two terms have similar behavior. The viability of the resulting F (R) gravity can also be checked, and of course
it is a different model from the Starobinsky model. Indeed, for λ = 1
2
√
3 6(17+12
√
2)
, C1 = O(1) and N = 60, if the
parameters C4 and C3 satisfy C4 = −1.6162C3, the spectral index is equal to ns = 0.966 and the scalar-to-tensor
ratio is r = 0.013. Now when λ is equal to λ =
√
3
2
1
6
(
17 + 12
√
2
)
, the F (R) gravity tends to,
F (R) ≃ C3R0.640968 + C4R0.528364 , (42)
and in this case if C1 = O(1), N = 60, and C4 = −3.94335C3, we get (ns, r) = (0.966, 0.013). Finally, for large values
of λ, the parameter µ tends to µ → 1 while the parameter σ tends to σ → 0. In this case the viability of the theory
is questionable though, and can be achieved if the parameters C4 and C3 take abnormally large values. We omit this
case since it is not so physically appealing. In conclusion, apart from the case that λ is extremely large, when the
parameter λ satisfies the constraints (39), the resulting theory can be compatible with the observational data.
VI. CONCLUSIONS
In this paper we studied an exponential inflationary evolution in the context of slow-roll vacuum F (R) gravity,
and we analyzed the inflationary dynamics in some detail. Particularly, we expressed the slow-roll indices in terms
of the e-foldings number N , and we calculated the spectral index of the primordial curvature perturbations and also
the scalar-to-tensor ratio. For the calculation, the F (R) gravity which realizes the exponential inflationary scenario
was needed, so by using well-know reconstruction techniques, we found the leading order functional form of the F (R)
gravity, in the large curvature limit, which characterizes the inflationary era. As we demonstrated, the resulting
inflationary theory is compatible with both the latest Planck and BICEP2/Keck-Array data, and the compatibility
may be achieved for a large range of parameter values. Also we need to mention that exponential inflation theories of
this type, may be the key element also for the construction of unified models of inflation with dark energy in various
frames of F (R) gravity [49, 50].
An issue which we did not addressed is the graceful exit issue. In this theory, this may be achieved due to possible
growing curvature perturbations, but this task is not easy to tackle in the context of the exponential inflationary
theory. However, due to the fact that the Hubble rate is a quasi-de Sitter evolution, at leading order in the cosmic
time, then the exit comes as an effect of growing curvature perturbations, as in Refs. [51]. Due to the complexity of
this issue, and in order not to fall into inconsistencies, we hope to formally address this in a future work.
8Also, the F (G) [52–56], F (T ) gravity [57, 58] and higher order gravity [59–61] realization of this theory may also
be a subject of future work, which we hope to address in due time.
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